We consider transport diffusion in a stochastic billiard in a random tube which is elongated in the direction of the first coordinate (the tube axis). Inside the random tube, which is stationary and ergodic, non-interacting particles move straight with constant speed. Upon hitting the tube walls, they are reflected randomly, according to the cosine law: the density of the outgoing direction is proportional to the cosine of the angle between this direction and the normal vector. Steady state transport is studied by introducing an open tube segment as follows: We cut out a large finite segment of the tube with segment boundaries perpendicular to the tube axis. Particles which 1 leave this piece through the segment boundaries disappear from the system. Through stationary injection of particles at one boundary of the segment a steady state with non-vanishing stationary particle current is maintained. We prove (i) that in the thermodynamic limit of an infinite open piece the coarse-grained density profile inside the segment is linear, and (ii) that the transport diffusion coefficient obtained from the ratio of stationary current and effective boundary density gradient equals the diffusion coefficient of a tagged particle in an infinite tube. Thus we prove equality of transport diffusion and self-diffusion coefficients for quite generic rough (random) tubes.
Introduction
Diffusion in stationary states may be encountered either in equilibrium, where no macroscopic mass or energy fluxes are present in a system of many diffusing particles, or away from equilibrium, where diffusion is often driven by a density gradient between two open segments of the surface that encloses the space in which particles diffuse. In equilibrium states, one is interested in the self-diffusion coefficient D self , as given by the mean-square displacement (MSD) of a tagged particle. This quantity, also called tracer diffusion coefficient, can be measured using e.g. neutron scattering, NMR or direct video imaging in the case of colloidal particles. In gradient-driven non-equilibrium steady states, there is a particle flux between the boundaries which is proportional to the density gradient. This factor of proportionality is the so-called transport or collective diffusion coefficient D trans .
Often these two diffusion coefficients cannot be measured simultaneously under concrete experimental conditions and the question arises whether one can infer knowledge about the other diffusion coefficient, given one of them. Generally, in dense systems these diffusion coefficients depend in a complicated fashion on the interaction between the diffusing particles. In the case of diffusion in microporous media, e.g. in zeolites, however, the mean free path of the particles is of the order of the pore diameter or even larger. Then diffusion is dominated by the interaction of particles with the pore walls rather than by direct interaction between particles. In this dilute so-called Knudsen regime one expects D self and D trans to be equal. This assumption is a fundamental input into the interpretation of many experimental data, see e.g. [5] for an overview of diffusion in condensed matter systems.
Not long ago this basic tenet has been challenged by Monte-Carlo simulation of Knudsen diffusion in pores with fractal pore walls [6, 7] . The authors of these (and further) studies concluded that self-diffusion depends on the surface roughness of a pore, while transport diffusion is independent of it. This numerical finding was quickly questioned on physical grounds and contradicted by further simulations [8] which give approximate equality of the two diffusion coefficients. This result gave rise to a prolonged debate which finally led to the consensus that indeed both diffusion coefficients should agree for the Knudsen case [9] . It has remained open though whether these diffusion coefficients are generally exactly equal or only approximately to a degree depending on the details of the specific setting.
A physical argument put forward in [10] suggests general equality. To see this one imagines the following gedankenexperiment. Imagine one colours in a equilibrium setting of many non-interacting particles some of these particles without changing their properties. At some distance from this colouring region the colour is removed. Then these coloured particles experience a density gradient just as "normal" particles in an open system with the same pore walls would. Since the walls are essentially the same and the properties of colored and uncolored particles are the same, the statistical properties of the ensemble of trajectories remain unchanged. Hence one expects any pore roughness to have the same effect on diffusion, irrespective of whether one consider transport diffusion or self-diffusion. Notice, however, that this microscopic argument, while intuitively appealing, is far from rigorous, as there is no obvious microscopic interpretation or unique microscopic definition of the transport diffusion coefficient for arbitrary surface structures. D trans is a genuinely macroscopic quantity and a proof of equality between D trans and D self (which is naturally microscopically defined through the asymptotic longtime behaviour of the MSD) requires some further work and new ideas. First, one needs to establish that on large scales the Knudsen process converges to Brownian motion (which then also gives D self ). Second, in order to compare D trans and D self one needs a precise macroscopic definition of D trans which is independent of microscopic properties of the system.
The first part of this programme is carried out in [3] . The aim of this paper is to solve the second problem of defining D trans and proving equality with D self . As in [3] we consider a random tube to model pore roughness. In contrast to [3] we have now have to consider finite tubes of finite extension along the tube contour and introduce open segments at the ends of the tube. Doing this rigorously then clarifies some of the salient assumptions underlying the equality of D trans and D self .
General notations and evaluation of transport diffusion coefficient
Naively the transport diffusion coefficient in tube direction x may be defined through the diffusion equation for the probability density
. Denote by J the particle current in the system; assuming stationarity with a probability density P * (x) one has J = D(x)∂ x P * (x). With fixed external densities P + at x = L and P − at x = 0 one finds by integration J = D trans ϑ with density gradient ϑ = (P
. By measuring the current and the boundary densities one can thus obtain transport diffusion coefficient without having to determine the local quantity D(x). This result, however, implies knowledge of the local coarse-grained boundary densities P ± to be able to make any comparison with D self . In a real experimental setting as well as for a given microscopic model these boundary densities P ± are difficult to obtain. In particular, there is no well-defined prescription where precisely on a microscopic scale these boundary quantities should be measured. We circumvent the problem of computing these quantities from microscopic considerations by considering the total number of particles in the tube rather than local properties of the boundary region of the tube. Together with proving a largescale linear density profile in a stationary open random tube, one may then infer the macroscopic density gradient, see the definition (3) below. Thus one obtains a macroscopic definition of the transport diffusion coefficient which is independent of microscopic details of the model.
In order to fix ideas in a mathematically rigorous form we first recall some notations from [3] .
Let us formally define the random tube in
will always stand for the linear subspace of R d which is perpendicular to the first coordinate vector e, we use the notation · for the Euclidean norm
be the half-sphere looking in the direction h. For x ∈ R d , sometimes it will be convenient to write x = (α, u), being α the first coordinate of x and u ∈ R d−1 ; then, α = x · e, and we write u = Ux, being U the projector on R d−1 . Fix some positive constant M, and define
We denote by ∂A the boundary of A and byĀ = A ∪ ∂A the closure of A.
The random tube is viewed as a stationary and ergodic process ω = (ω α , α ∈ R), where ω α is a subset of Λ; cf. [3] for a more detailed definition. We denote by P the law of this process. With a slight abuse of notation, we denote also by
the random tube itself, where the billiard lives. Intuitively, ω α is the "slice" obtained by crossing ω with the hyperplane {α} × R d−1 . We will assume that the domain ω is defined in such a way that it is an open subset of R d , and that it is connected. We write alsoω for the closure of ω. In order to define the random billiard correctly, following [2] , throughout this paper we suppose that P-almost surely ∂ω is a (d − 1)-dimensional surface satisfying the Lipschitz condition. This means that for any x ∈ ∂ω there exist ε x > 0, an affine isometry
• I x x = 0, f x (0) = 0, and
Roughly speaking, Lipschitz condition implies that any boundary point can be "touched" by a piece of a cone which lies fully inside the tube. This in its turn ensures that the (discrete-time) process cannot remain in a small neighborhood of some boundary point for very long time; in Section 2.2 of [2] one can find an example of a non-Lipschitz domain where the random billiard behaves in an unusual way. We keep the usual notation dx, dv, dh, . . . for the (d − 1)-dimensional Lebesgue measure on Λ (usually restricted to ω α for some α) or Haar measure on S d−1 . We write |A| for the k-dimensional Lebesgue measure in case A ⊂ R k , and Haar measure in case A ⊂ S d−1 . Also, we denote by ν ω the (d − 1)-dimensional Hausdorff measure on ∂ω; since the boundary is Lipschitz, one obtains that ν ω is locally finite (cf. the proof of Lemma 3.1 in [2] ). We assume additionally that the boundary of P-a.e. ω is ν ω -a.e. continuously differentiable, and we denote by R ω ⊂ ∂ω the set of boundary points where ∂ω is continuously differentiable.
To avoid complications when cutting a (large) finite piece of the infinite random tube, we assume that there exists a constant M such that for Palmost all environments ω we have the following: for any x, y ∈ ω with |(x − y) · e| ≤ 1 there exists a path connecting x, y that lies fully inside ω and has length at most M .
For all x ∈ R ω , let us define the normal vector n ω (x) ∈ S d−1 pointing inside the domain ω.
We say that y ∈ω is seen from x ∈ω if there exists h ∈ S d−1 and t 0 > 0 such that x + th ∈ ω for all t ∈ (0, t 0 ) and x + t 0 h = y. Clearly, if y is seen from x then x is seen from y, and we write "x ω ↔ y" when this occurs. Next, we construct the Knudsen random walk (KRW) (ξ n , n = 0, 1, 2, . . .), which is a discrete time Markov process on ∂ω, cf. Section 2.2 of [2] . It is defined through its transition density K: for x, y ∈ ∂ω
where γ d = Se h · e dh −1 is the normalizing constant, and I{·} stands for the indicator function. This means that, being P ω , E ω the quenched (i.e., with fixed ω) probability and expectation, for any x ∈ R ω and any measurable B ⊂ ∂ω we have
We also refer to the Knudsen random walk as the random walk with cosine reflection law, since it is elementary to obtain from (2) that the density of the outgoing direction is proportional to the cosine of the angle between this direction and the normal vector. It is immediate to obtain from (2) that K(·, ·) is symmetric (that is, K(x, y) = K(y, x) for all x, y ∈ R ω ); for both the discrete-and continuoustime processes this leads to some nice reversibility properties, exploited in [2, 3] . Clearly, K depends on ω as well, but we usually do not indicate this in the notations in order to keep them simple. Now, we define the Knudsen stochastic billiard (KSB) (X t , V t ), t ≥ 0 , which is the main object of study in this paper. First, we do that for the process starting on the boundary ∂ω from the point x 0 ∈ ∂ω. Let x 0 = ξ 0 , ξ 1 , ξ 2 , ξ 3 , . . . be the trajectory of the random walk, and define
Then, for t ∈ [τ n , τ n+1 ), define
In Proposition 2.1 of [2] it was shown that, provided that the boundary satisfies the Lipschitz condition, we have τ n → ∞ P ω -a.s., and so X t is welldefined for all t ≥ 0. The quantity X t stands for the position of the particle at time t; since it is not a Markov process by itself, we define also the càdlàg version of the motion direction at time t:
Recall also another notation from [2] : for x ∈ ω, v ∈ S d−1 , define (with the convention inf ∅ = ∞)
so that h x (v) is the next point where the particle hits the boundary when starting at the location x with the direction v. Of course, we can define also the stochastic billiard starting from the interior of ω by specifying its initial position x 0 and initial direction v 0 : the particle starts at the position x 0 and moves in the direction v 0 with unit speed until hitting the boundary at the point h x 0 (v 0 ); then, the previous construction is applied, being h x 0 (v 0 ) the starting boundary point. We denote by P x,v ω the (quenched) law of KSB in the tube ω starting from x with the initial direction v.
Consider the rescaled projected trajectoryẐ Now, let us introduce the notations specific to this paper. Consider a positive number H (which is typically supposed to be large); denote by D ω H the part of the random tube ω which lies between 0 and H: Figure 1 ). Observe that D ω H can, in fact, consist of several separate pieces, namely, one big piece between 0 and H, and possibly several small pieces near the left and the right ends (we suppose that H ≥ M , so that there could not be two or more big pieces). It can be easily seen that those small pieces have no influence on the definition of the transport diffusion coefficient; for notational convention, we still allow D ω H to be as described above.
Then, we consider a gas of independent particles in D ω H , described as follows. There is usual reflection onF ω H ; any particle which hitsD ℓ ∪D r , disappears. In addition, for a given λ > 0, new particles are injected inD r with intensity (γ d |S d−1 |) −1 λ per unit surface area. Every newly injected particle chooses the initial direction at random according to the cosine law. In other words, the injection inD r is given by an independent Poisson process inD r × S (−e) with intensity
Remark 2.4 The choice of the cosine law for the injection of new particles is justified by Theorem 2.9 of [2]: for the KSB in a finite domain, the long-run empirical law of intersection with a (d − 1)-dimensional manifold is cosine. One may think of the following situation: the random tube is connected from its right sideD r to a very large reservoir containing the Knudsen gas in the stationary regime; then, the particles crossD r with approximately cosine law (at least on the time scale when the density of the particles in the big reservoir remains unaffected by the outflow through the tube). In Section 3 (Proposition 3.1) we use this kind of argument to obtain a rigorous characterization of the steady state of this gas.
We now consider this gas in the stationary regime. Let Λ 
which means that, after coarse-graining, the particle density profile is asymptotically linear. The above quantity ϑ is called the (rescaled) density gradient.
We define also the current J ω H as the mean number of particles absorbed inD ℓ per unit of time, and let the rescaled current be defined as
Then, consistently with the discussion in the beginning of this section, the transport diffusion coefficient D trans is defined by
Now, suppose that the quenched invariance principle with constantσ holds for the stochastic billiard. Our goal is to prove that D trans is equal to the self-diffusion coefficient D self :=σ 2 /2. To this end, we prove the following two results. First, we prove that the coarse-grained density profile is indeed linear: 
Then, we calculate the limiting current: 
So, Theorem 2.1 means that ϑ = λ Ω |ω 0 | dP, and using also Theorem 2.2, we obtain that D trans = D self . At the same time it becomes clear that such a statement can be true only asymptotically since in a finite open tube one has to expect finite size corrections of the mean particle number. These corrections may, in fact, depend strongly on the microscopic shape of the tube near the open boundaries. This implies that in experiments on real spatially inhomogeneous systems some care has to be taken as to what is measured as macroscopic density gradient.
Proofs
For a function g ∈ C[0, ∞) and a ∈ R, denote
Then, for integers i, j, ℓ ≥ 0 define
Let B (σ) be a Brownian motion with diffusion constantσ, starting from the origin; we define (being E the expectation with respect to the probability measure on the space where the Brownian motion is defined)
to be the probabilities of the corresponding events for this Brownian motion. Fix an integer m. For (z, h) ∈ ω × S d−1 and ε 1 > 0 define
for all i, j > 0 such that i + j = m, and all s ≥ s 0 .
Intuitively, T ε 1 ω (z, h) is the scaling factor one needs to use in order to assure that the rescaled (and projected on e) trajectory of the Knudsen stochastic billiard stays sufficiently close to the Brownian motion.
By the portemanteau theorem, observe that, if the Knudsen stochastic billiard starting from (z, h) satisfies the quenched invariance principle, this means that for any ε 1 > 0 it holds that T ε 1 ω (z, h) < ∞. Since, for P-almost every ω, the invariance principle holds for a.a. starting points (z, h), we have
By the monotone convergence theorem, we obtain that for all ε 1 , ε 2 > 0 there exists t ε 1 ,ε 2 such that
So, using the Ergodic Theorem, we obtain for almost all ω and all H large enough
We need the following result, which characterizes the steady state of the Knudsen gas. 
In order to prove the above proposition, we consider first the process with absorbing/injection boundaries in bothD ℓ andD r (that is, the injection is given by two independent Poisson processes inD ℓ × S e andD r × S (−e) with intensities |S d−1 | −1 λ|e·u| dx du in both cases) and obtain the following simpler result for this process: is invariant for the Knudsen gas with absorption/injection inD r ∪D ℓ .
Proof. Fix a sequence of positive numbers u k ր ∞ such that λu k ∈ Z for all k. For each k, consider a domain Φ k with the following properties
• any segment ab with a ∈D ℓ ∪D r , b ∈ ∂Φ k \F ω H has length at least u 1/(2d) k (one may construct such a domain e.g. as shown on Figure 2 ). Now, let us consider λu k independent particles in Φ k . By Theorem 2.4 of [2] , the invariant measure of this system is product of uniform measures in location and direction. We are going to compare this process (observed only on D ω H ) with the process with absorbing/injection boundaries in bothD ℓ andD r (naturally, we assume that the injection is with the cosine law and with the same intensity mentioned in Proposition 3.1). Let E (k) be the expectation for the above process in Φ k with λu k particles, with respect to the stationary measure. Also, we denote by E t the expectation with respect to the process with absorbing/injection boundaries inD ℓ ∪D r at time t, with the initial configuration chosen from the Poisson point process in D ψ(x j , v j ).
Denote also byψ
Also, it is straightforward to obtain that
Since, as k → ∞, the binomial distribution with parameters λu k and | D 
Now, let us fix t 0 and prove that for any ε > 0
for all large enough k. 
observe that Θ(t 0 ) ⊂ Φ k × S (−e) . Now, a particle starting in x ∈ Φ k \ D ω H with the direction v will crossD r by time t 0 iff (x, v) ∈ Θ(t 0 ). So, it is straightforward to obtain that, for the process in Φ k , the random variable N (r) (t 0 ) has the binomial distribution with parameters λu k and
Then, conditioned on {N (r) (t 0 ) = n}, for both processes the n entering particles toD r (seen as a point process onD r × S (−e) × [0, t 0 ]) are independent, each having density
Observe that the same considerations apply also to the particles which enter throughD ℓ . To obtain (12), we use now the following coupling argument. First of all, as we already know, the initial configurations restricted to D ω H for both processes can be successfully coupled with probability that converges to 1 as k → ∞. Then, by the argument we just presented, the same applies for the process of particles entering througĥ D ℓ ∪D r . This shows that, with large probability, both processes can be successfully coupled. Now, combining (11) with (12) and using the fact that a point process is uniquely determined by its characteristic functional (cf. e.g. Section 5. Proof of Proposition 3.1. Still considering the process with absorption and injection inD r ∪D ℓ , suppose that the particles entering throughD ℓ are colored red, and the particles entering throughD r are colored green. So, we need to compute the stationary measure for green particles. Using the (quasi) reversibility of Knudsen stochastic billiard (see Theorem 2.5 of [2] ), we obtain that, given that there is a particle in x = (α, u) with the vector speed h, the probability that it is green equals
Using also Lemma 3.1, we obtain that, for the gas with injection only inD r , the stationary measure is that of Poisson point process with intensity This concludes the proof of Proposition 3.1. (13) Now, let us prove that the rescaled density gradient is given by ϑ = λ Ω |ω 0 | dP.
Proof of Theorem 2.1. Use the abbreviation Ξ = Ω |ω 0 | dP. Fix an arbitrary ε ′ > 0 and let
where [·] stands for the integer part. Consider the quantity t m −2 ,m −2 defined by (7), and suppose that H ≥ mt 
In particular, for i > m 3/5 , we obtain after some elementary computations that there exists a positive constant γ ′ such that
Next, we employ the same strategy as in the proof of Theorem 2.1. Fix a large m, and suppose that H ≥ mt
